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Ferenc Jéarai-Szabd

COMPUTER SIMULATION STUDY OF ENTANGLED
MATERIALS

Abstract

In this work a three-dimensional discrete version of the worm-like
Kratky-Porod model for computer simulation of non-bonded entangled
materials is proposed. The main ingredients of this model are hard-core
(non-penetrable) and flexible fibers. Three main mechanisms govern the
evolution of the system. The flexibility of fibers is considered through
stretching of the discrete elements and the angle between neighboring
ones. Non-penetrability is ensured by a repulsive potential between
non-consecutive elements. Different mechanical properties are calculated
for different compression processes in two different regimes: small and
large deformation regime of the fibers. Energetic aspects of compression

processes are studied, too.
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Introduction

Entangled materials are abundant and of very different origins and usage. They are
at the heart of living cells (cytoskeletal polymers) [7], of two dimensional non-woven
textile fabrics and papers [5], of glass-wool [3] and more generally of polymer melts.
Three-dimensional entangled networks are also found in the technologically attractive
composite fiber reinforced polymers which are potential candidates for optimized

mechanical [10] and electrical properties [4].

Little is known about the connection between the macroscopic collective properties
of tangles and underlying microscopic properties of component fibers and of their

mutual interactions.

Mechanical behaviors have been studied experimentally by means, for example
constant strain rate compressions in the case of glass-wool [3] and shearing tests in
the case of living cells [12]. Electrical conductivity has also been considered [9]. These
experiments show a percolation transition both in rigidity and conductivity, followed

by non-linear behaviors.

On the computational side, two types of simulation have mainly been performed.
On the one hand, percolation was studied in rigid, soft-core (penetrable) rod sys-
tems [1, 2]. On the other hand, simulations of mechanical properties focused on two-
dimensional bonded media, representative of textile fabrics [5] are known. The rupture
process of disordered materials pulled by a uniaxial force is simulated using (1 + 1)
dimensional fiber bundle models [6]. This type of model can be also applied to study
the evolution of mechanical properties of an entangled media through different type

of processes.

We propose a three-dimensional discrete version of the worm-like Kratky-Porod
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model [8] accounting for the bending and stretching properties of fibers. The inter-
actions between them ensuring their non-penetrability is taken into account via a
repulsive potential centered at the nodes used to discretize the fibers. This model
is applied to study non-bonded (no fixed cross-link) tangles and we consider differ-
ent micro- and macroscopic mechanical properties through a compression process for
small and large deformation regimes. A connectivity transition is detected at small
deformations which should be linked to the electrical conductivity of tangles.

We try to understand how flexible polymers build up statistical networks, which
types of deformation have the dominant contribution to the network elasticity and
what kind of effective description of the complicated microscopic network geometry
should be used.

In the next chapter the computational model is presented which is followed by
a study of the mechanical properties (stretching and bending) of single fibers in
the small and the large deformation regime. The fourth chapter contains our results
concerning the entanglement transition observed at low fiber densities. In the fifth
chapter is presented the evolution of the mechanical properties of a tangle in the high
deformation regime. In the last chapter our conclusions obtained from the presented

simulations are summarized.



2
Computational model

This model is used to study mechanical properties of tangles composed of non-
bonded, flexible, non-penetrable long fibers with the same initial lengths. Is a three-
dimensional discrete version of the worm-like Kratky-Porod model [8] inspired from
the methods developed for atomic scale simulations of polymers, applied for long
fibers [11].

Fig. 2.1 is a sketch showing two fibers in interaction containing the used notations
too. Fibers are built up with series of straight tensile segments of length I; (the
ly initial length is the same for all), with different angles 6; between neighboring
ones. The discretization points between adjoining segments are called "nodes”. Their
positions are the degrees of freedom of our model. For each node is known the position
vector and its neighboring nodes. In this way a component fiber can be characterized
by 71p0des node-points. The number of fibers in a tangle is Nyjpey.

For simulation field an Ag sized cube is used which implies the applied restricted
boundary conditions. The fibers can move only inside, in the volume of this simulation

cell.

2.1 Energy model

Three types of main mechanisms govern the evolution of the system. The first

contribution is the stretching of the segments which is modeled with a spring-potential

1 (=1
EW = Zpo [0 | 2.1
9= ks () 1)

for each segment:
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Figure 2.1: A sketch about the modeled fibers in interaction. The notations of this

figure will be used in the rest of this work.

The second contribution is the bending of the fibers modeled with an angular-potential

depending on the angle between consecutive segments:
hoo 1
EYW = Sk (0 )2, (2.2)

adapted from molecular models of polymers with covalent angle of 7. This first two
terms ensure that in absence of interactions between fibers the equilibrium shape for
a fiber is a straight line of length (n,04es — 1)lo-

The third term is the repulsive interaction potential between non-consecutive
nodes. This term ensures an excluded volume around the fibers and avoids cross-
ing of the fibers. The potential used is:

EW = ko (T—J> e et (2.3)

Teut

where the exponential term ensures a smooth vanishing of the potential at the cut-
off radius r.,;. With this exponential correction term the calculations may have a

precision limit, which impose the use of an effective radius defined by the equation

F[(’I“eff) = me, (24)

where F,,;, is the minimum detectable force within the precision limit of calculations
(in our case repp = 0.927¢y).

From this point of view of the effective interaction radius, fibers are composed by
Nnodes Of spheres of r. s radius. The ratio between the volume of this spheres and the
total volume of the simulation cell defines the volume-fraction
Amrys

Vfibers
= = - no esNieTSa 2.5
Vv 3V MmodesNri (2.5)
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which is a dimensionless characteristic quantity for tangles. The other dimensionless
L
Teff’

The bending, stretching and interaction stiffnesses (kg, ks,k;) can be chosen in-

characteristic quantity is the aspect ratio of the fibers defined as

dependently and they govern directly the microscopical rules in the tangle.

2.2 Quasi-static algorithm and compression

The different potentials are used to calculate the forces on each node by taking

its gradients. In this way on the 7th node three types of forces can be calculated:

lica— 1 li — 1o

F(Si) = —ks%ti—l +ks—5—ti (2.6)
lO l(]
FY = kp (01 —m)ti, + kp (0141 — 1)t — kp (0; — 7) (til - t%) (2.7)
Fg:l.]) — o I erij-i-ﬁcut (T t _ ln L) tij) (28)
Teut Tij Tij + Teut

where t; is a unit vector in the direction of the ith segment pointing from the (i —1)th
node to ith node, ti- is a perpendicular unit vector at the ith segment and t;; is a
unit vector pointing from the ith node to the jth one.

Nodes are displaced step by step using over-dumped dynamics (first order Euler
integration algorithm). The displacement of the ith node at each step is proportional

to the sum of forces applied on it:
Ar; = n (FS +Fg + FI) , (29)

where 7 is a fixed numerical viscosity factor.

Fig. 2.2 presents an initial configuration generated by a random walk algorithm
which produces a tangle with randomly distributed, non stretched fibers with random
segments-orientation.

A long initial relaxation (10° steps) allows us to obtain an equilibrium configu-
ration presented in the fig. 2.3. Compressions may then be applied by displacing all
boundaries inward step by step relaxing the configuration between each step (3 x 10
steps). A compressed tangle can be seen in the fig. 2.4. In this figure the volume-
fraction of the tangle is reduced by compression to half of its initial value. If the total
displacement of one boundary is AA and the initial length of the simulation cell is

Ag then the new volume of the compressed cell will be

V = (4 — 2AA)° = Vo(1 —¢)?, (2.10)



Figure 2.2: An initial unrelaxed tangle generated with a random walk algorithm.

where ¢ = % is the total compression of the tangle. In this way the actual compres-

sion of the entangled media can be included in the (2.5) expression of the volume-

fraction 3
. 47T /reff ]_

V, =
T= 31, 1-¢)

The above-defined volume-fraction will be a universal dimensionless characteristic

nnodestiber- (211)

quantity used to describe the space filling of different tangles with different compres-
sions.

2.3 Calculation of pressure and connectivity

Connectivity and pressure characterize the evolution of the tangle. They are the

studied properties of the system, which can be linked to different mechanical and
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Figure 2.3: The image of a relaxed tangle with fibers shorter than the size of the

simulation cell obtained from the above presented initial system.



Figure 2.4: A snapshot of the compressed tangle.
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electrical characteristics of entangled materials.

The pressure exerted by the tangle to a boundary is equal with the external
force to be applied on this boundary to keep it in equilibrium, divided by its area.
In equilibrium state it is also equal with opposite sign of the sum of internal forces
perpendicular to the studied boundary on the nodes in contact with this, divided with
the corresponding area. In an equilibrium system the pressures on different boundaries
are equal which implies the use of the average value of them.

A link is defined as two non-consecutive nodes that are closer than the effective
interaction radius. Links are computed taking care of counting only once if a node
has contact with two consecutive nodes of other fibers. In this way the number of
links between fibers can be calculated. The connectivity means the average number
of links per fiber. This quantity is linked to the macroscopic mechanical and electrical

properties of tangles and to the three-dimensional percolation phenomena, too.

2.4 Typical numbers

As simulation field an Ay = 5 sized box is used. The tangle is composed of fibers
with L = 1 + 5 initial length and 7, = 0.25 (reff = 0.23) cut-off radius.

In the relaxation process the n viscosity factor has an important role. This param-
eter has to be chosen taking care of magnitude of occurred forces. In the presented
simulations this parameter was chosen to be n = 0.01.

In compressions the simulation cell is compressed to half of its initial volume,
which means the doubling of the volume-fraction of an uncompressed tangle. Inward

displacement of the boundaries through one compression step is A = 0.02.



3
Single fiber properties

First of all mechanical behaviors of single fibers have been studied. These fibers
are the microscopic main ingredients of the present model. To model entangled media,
flexible fibers were chosen but is also important to know how they behave when a
force is applied on them.

Our choice of the stretching energy ensures the classical Hookian behavior. If F

is the applied stretching force then the elongation of the fiber will be

F

kg
where ké = ’;’ — is the stretching stiffness of one fiber composed of (1p04es — 1)
segments.

To look at flexibility properties bending tests were performed which principle is
presented in fig. 3.1. This tests are analogous with classical continuum mechanics tests
[13]. The first two nodes of the fiber are fixed in order to impose clamped boundary
condition. A vertical force is applied at the opposite end of the fiber, and the vertical
displacement Az is calculated at equilibrium. The simulation results are compared

with known behavior of bended rods in the small and large deformation limits.

3.1 Small deformation regime

For small deformation regime stretching of segments is negligible. The potential

energy contains only angular terms. Then it can be easily shown that the ¢th angle

—;Eh

i ) In this approximation the vertical displacement is

Az Fly (L\*1 lo Ll
=5 ) 5(“5)(“55 - (3:2)

13

is (7r
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Figure 3.1: The outline of the bending test.
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Figure 3.2: The scaled results for small deformation regime including the analytic

formula (full line), too.

Fig. 3.2 presents scaled results of simulations varying the different properties of the
fibers and shows agreement with the analytical formula. We recovered the classical

continuum mechanics beam relationship between the deviation Az and L3:

FL3
Az = ——. 3.3
“TEI (3:3)
By analogy one can define
3
El = (3.4)

in the case of the modeled fibers.
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Figure 3.3: Bending-test results for large deformations of single fibers.

3.2 Large deformation regime

For large deformations the simulation results are compared with finite element
simulations for a beam. Fig. 3.3 presents the simulated displacement which depends
on the ratio between kg and kg (only in the large deformation regime). A linear
dependence of the displacement on the logarithm of the applied force was detected in
a certain range and a linear dependence on %, too. These results can be summarized

with the following dimensionless expression:

Az ks L kg Fl()

— = — | — — ) In—. 3.5
In a certain range for the finite element simulations the same linear dependences were
detected.

Based on these results we can conclude that in simulations we have to deal with

fibers, which look like classical beams.
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Small deformation of component
fibers

Firstly tangles with small volume-fractions have been studied. In this regime only
small forces are present in the system and the component fibers are not bent or they

are in small deformation regime. Two simulation methods are proposed.

4.1 Relaxation method

In the first approach a relaxation technique was employed: random tangles of
different volume-fractions in a constant sized cell were produced and relaxed using
the quasi-static algorithm presented above. Using this method the volume-fraction
of tangles are changed with the volume of fibers i.e. with the number of component
fibers.

Fig. 4.1 and fig. 4.2 presents the obtained results for the connectivity and the
pressure respectively, for different values of stiffness coefficients and discretization
length (ks = 1.0, kg = 1.0, ky = 4.0, [, = 0.5). Connectivity transition is observed for
fibers with shorter length than the size of the cell i.e. shorter than 5: both the number
of links and the pressure are zero below critical threshold values. These threshold
values are different but decrease with increasing aspect ratios as shown in fig. 4.3.

Close beyond these threshold values classical power-laws are observed

%l—”’“ « (Vi) (4.1)
fiber
p X (Vf_V;p)fy, (4.2)
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Figure 4.1: Evolution-curves for the connectivity at small deformations obtained with

the relaxation method.

where Vf , and Vf , are the threshold values for number of links and pressure respec-

L
Teff
and fig. 4.2 are 6 = 1 for the connectivity and v = 1.5 for the pressure.

tively, depending on the aspect ratio of fibers ( ) The exponents found in fig. 4.1
It has to be mentioned that the presented results have no statistical character
since only one simulation for each curve was performed.
Using fibers longer than the size of the simulation cell, this phenomenon will not
be detected. This is in agreement with our expectations since restricted boundary

conditions were used. The fibers are bent from the start, so they impose pressure.

4.2 Compression method

The other way of simulation study of entangled materials is performing compres-
sion tests. With this method the volume-fractions are changed, by decreasing the
volume of the simulation cell. Using tangles with small initial volume-fractions same
curves can be obtained like with the relaxation study. This equivalence between the
methods is valid only for final size of the simulation cell still larger than the length
of fibers.

Fig. 4.4 and fig. 4.5 presents evolution curves for connectivity of fibers and pressure

respectively, for different values of the kg, obtained with the compression method.
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Figure 4.4: Evolution curves for the number of links per fiber, obtained with the

compression method for different bending stiffnesses.

As we expected, critical volume-fractions are not depending on flexible properties
of fibers. Without contact between fibers (above the threshold volume-fraction) no
stretching and bending of fibers are present. On these mechanisms depends only the
behavior of the system after the transition. As one can see in the graph this depen-
dence also become important only for longer fibers and only for pressure. In addition,
close beyond the connectivity threshold the fibers are in the small deformation regime
with cubic dependence of its deformation on its length. They can be found in the
regime described by Baudequin et al. [3].

Fig. 4.6 presents energetic aspects of the compression process. At the beginning,
close to transition the compression energy is stored in interaction energy, which is
greater than the other energy types. At volume fractions where bending of fibers are
present, the stretching and bending energies become grater than the interaction one.

We can conclude that a three-dimensional connectivity transition was found for
hard-core, flexible fiber systems. This phenomenon can be linked to the three dimen-
sional percolation, too. This model should be used to describe the electrical conduc-
tivity of entangled materials.

In order to investigate the influence of the fiber flexibility on the behavior of semi-

flexible networks, tangles with higher initial volume-fractions have to be studied.
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of component fibers.
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Large deformations of component
fibers

In order to obtain high compressibility the compression process is started with
high initial volume-fractions. In this simulations the fibers can be found in the high

deformation regime described above.

5.1 Evolution curves

Fig. 5.1 presents the evolution of the number of links for different tangles. A
linear dependence on the volume-fraction can also be detected with another sloop
value similar with the case of small-deformed component fibers. The evolution of the

links can be described as

Nin s *
Ni‘ib]:r N (Vf N Vf) ’ (5-1)

where p depends on aspect ratio of fibers and weakly on the ,’j—z ratio.
Fig. 5.2 presents the evolution of pressure with a power-law dependence on the
volume-fraction:
a:V(Vf—Vf)J. (5.2)

On logarithmic representation different curves with same sloop are obtained, so the

value of § = % is not depending on the aspect ratio of component fibers and on
flexibility parameters. The v parameter is also not depending on the ratio ]]:—; It
depends only on aspect ratios of component fibers.

Fig. 5.3 presents the evolution of different types of energies through a compression

process of a tangle composed of fibers with initial length L = 4. As one can see in

21
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Figure 5.1: The simulation curves obtained for the compression in high deformation

regime for the evolution of connectivity.

graph, all of the energies have contribution to the total energy of the system. The
stretching and bending energies are evoluating together. These energies are linked

because the bending of a fiber imposes a contraction of its segments too.

5.2 Finite size effects

On presented results the effect of imposed boundary conditions can be detected.
In fig. 5.4 and fig. 5.5 are presented the connectivity and the pressure evolution
respectively, for two compression tests with same tangles of different initial volume-
fractions. For same volume-fractions the difference between two curves consists only
in the difference between the volumes of simulation cells, so in boundary conditions.
As one can see in graphs, only the connectivity is affected by an underestimation of
its value. The evolution of pressure is the same for both cases.

This link underestimation is responsible for sloop-changing of the number of links
per fiber for small deformation regime presented in the previous section on fig. 4.1
too.

In order to eliminate this boundary effect on the connectivity, the link-detection
volume has to be changed. Choosing smaller detection cell inside of the simulation
field this effect can be reduced.
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in high deformation regime.



Vio=0.2 78580
V=0.352270

o
o]

1 1 1

1

1 1

1

1

4

025 03 035 04 045 05 055 06 065 0.7 075 0.8
Vi

24

Figure 5.4: The underestimation of links caused by imposed boundary conditions.
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Conclusions and perspectives

Three-dimensional connectivity transition was detected for hard-core, flexible sticks
system, which can be linked to three-dimensional percolation of tangles. This con-
nectivity of fibers can be an important quantity linked to the measurable electrical
conductivity of entangled materials. The transition threshold is not depending on the
flexible properties of the fibers. The dependence on these properties become important
only above the threshold volume-fraction and is significant only for the pressure. The
behavior of the system close beyond transition can be described using the theoretical

model proposed by Baudequin et al [3].

At high compression limit the fibers are in the high deformation regime and this
theory cannot be applied. On one hand, the connectivity has only a weak dependence
on the flexible properties of fibers in this regime, too. On the other hand the evolution

of pressure shows a strong dependence on the flexibility parameters.

Looking at this observations one can conclude that the connectivity should be a
pure geometrical characteristic quantity of tangles and the pressure characterize the
microscopic physical processes in entangled materials. With this differences between
this quantities can be explained the existence of two different but correlated transition

thresholds, one for connectivity and one for pressures.

Looking at energy diagrams one can see that close to the connectivity transi-
tions an increasing of interaction energy is present followed by the increasing of the
flexibility energies. This is in agreement with our expectations that in tangles with
non-connected fibers stretching or bending cannot be present. Firstly connections
between fibers have to be created and after this the compression energy should be

stored in flexible energy types. These observations are in agreement with the fact that

25
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a smaller transition threshold is detected for connectivity than in case of the pressure.

In order to obtain statistical results more simulations are needed with different
initial configurations. Another perspective is to reduce the effect of the boundaries
on the connectivity of fibers. This problem can be solved by connectivity calculation
only in a smaller volume included in the simulation cell, which will be chosen not to
be in contact with the boundaries.

These simulations can be repeated using fibers with non-straight equilibrium
shape. In this way one could investigate other interesting properties of the entan-
gled materials for example the stress-strain curves for pulling on one or more fibers

from tangles.
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