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Abstract

Laser physics and technology has become a highly developing field of science in the

recent years. With the remarkable achievements in the production of ultrashort and intense

laser pulses new horizons have been opened for scientists to investigate ultrafast phenomena

taking place at atomic level and to manipulate matter below the microscopic size. In parallel

to the impressive developments in the laboratories the newly emerging and not completely

understood processes needed to be explained by elaborate theoretical works.

The present thesis aims to deliver novel and useful knowledge to the broad theoretical

field of laser-matter interaction, by investigating - with the use of first principle calculations

- laser induced ultrafast processes taking place in small atomic systems in the presence of

ultrashort XUV radiation fields.

In the first part of this work the theory behind the laser-atom/molecule interaction is de-

tailed in the framework of the single active electron approximation, then different theoretical

methods are presented by comparing the results obtained by their numerical implementation

for the hydrogen atom.

In the main part of the present thesis, first the development and the implementation of

a numerical method based on the direct solution of time-dependent Schrödinger equation for

diatomic molecules is presented, and then this is employed to investigate the laser induced

electron dynamics and the photoelectron holography in the H+

2 molecule.

Finally, the conclusions are drawn, mainly on how the intensity of the laser field and the

internuclear distance - via the value and the spatial profile of the binding potential - influence

the photoelectron spectra and the interference patterns, that appear in the photoelectron

hologram of the molecular target.
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1. Introduction
In the last decades laser science has become the most promising tool for detailed investi-

gations of ultrafast phenomena taking place at atomic scales, and for matter manipulation

with high energy concentrations. The ”ligth amplification by stimulated emission [1] of

radiation” (laser) [2] technique, which produces highly coherent and monochromatic light

beams, was implemented first in experiments in 1960 [3], since then lasers have become

routinely used in a wide array of applications in our daily life. These applications include

industrial utilizations (e.g., material processing), commercial uses in optical communications

and computer technology (e.g., data transfer via optical fibers, data storage on optical discs),

military (e.g., missile guidance) or medical applications (laser-assisted surgeries [4–8]).

With the continuous progress in laser technology higher and higher power beams of coher-

ent light have been produced, while shorter and shorter laser pulse durations achieved. This

has opened new perspectives in the investigations in the domains of fundamental sciences [9],

where for instance the laser-driven fusion [10] or laser-assisted drug synthesis [11] are desired

to be achieved with high efficiencies. The possibility of producing high power lasers began

with the year 1985, when the ”chirped pulse amplification” (CPA) method was invented

by Donna Strickland and Gérard Mourou1, and which technique is used since in worldwide

laser-facilities for amplifying ultrashort (< 10 fs = 10−14 s) pulses above 1015 W/cm2 in-

tensity. Moreover, by the implementation of the momentous laser facility, Extreme Light

Infrastructure, which is based until now on three different pillars: ELI-Beamlines Prague

(Czech Republic), ELI Attosecond Light Pulse Source (ELI-ALPS) Szeged (Hungary), and

ELI Nuclear Physics (ELI-NP) Măgurele (Romania) [12], new horizons have become acces-

sible for the international laser community, where the aspiration to operate within extreme

conditions has become a daily routine.

Due to the emergent technique of focusing high intensity pulses onto atomic systems and

operating with ultrashort time scales, new and previously not entirely understood phenomena

can be induced and investigated at the nanoscopic scale and below that. The most well

known phenomenon that occurs during the interaction between an incident electromagnetic

(EM) wave and matter is the photoelectric effect, when the target system is ionized by the

emission of a bound electron. This effect and the previous observations, according to which

regardless of the EM field intensity, light may eject electrons even at low intensities was

first explained by Albert Einstein in 1905 [15], when he proposed that a light beam can

be considered as a collection of discrete wave packets, i.e. photons, each having a given ν

frequency and energy εν = hν (h ≃ 6.626× 10−34 Js is the Planck constant [16]). According
to the simplest picture during the photoemmission process a bound electron (having the

1Donna Strickland and Gérard Mourou were awarded the Nobel Prize in Physics on 2nd of October 2018
for their joint work on CPA
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Chapter 1. Introduction

(a) (b)

Figure 1.1: (a) Progress in achievable light intensity with the year. The solid curve shows
a continuous increase having two large slopes, first around the year 1960 (the invention of
the laser), and another one starting from 1985 (the invention of the CPA technique). The
figure is adapted from Mourou and Yanovsky (2004) c 2004 OSA [13]. (b) Time scales and
characteristic lengths for dynamics in atoms and molecules. Adapted from [14].

bound energy εb < 0) absorbs a single photon from the radiation field and after this it is

released with the kinetic energy εk = hν − Ip, where Ip = |εb| represents the ionization
potential, and k is the electron’s final momentum. In the particular case when the energy of

the absorbed photon is lower than Ip, but equal to the energy difference between two bound

states hν = εb′ − εb, a process called photoexcitation takes place, during which the electron

is carried by the pumped energy from a lower energy level b to the higher level b′.

Moreover, it was later observed, that when the radiation field is a high intensity (>

1010 W/cm2) laser field, depending on the field’s parameters next to the single photon

ionization other ionization processes may appear as well, such as the multi-photon (MPI)

or above-threshold ionization (ATI), tunneling ionization (TI), or over-the-barrier ionization

(OBI) (see Figure 1.2). In order to identify the dominant ionization mechanism, Keldysh

introduced a laser and target dependent parameter (Keldysh parameter) γ =
�

Ip/2Up ∼
E−1
0 λ−1I

1/2
p , where Up = e2E20/

√
4meω2 is the ponderomotive energy, i.e., cycle-averaged

energy gained by the emitted electron driven in the radiation field. When the γ ≫ 1 condition

is fulfilled it means that the quiver energy of the continuum electron is much less then Ip

of the target, and the binding potential is not significantly distorted by the radiation field.

In this case the photoemission occurs predominantly via single or multiphoton absorptions.

In the other limit, when γ ≪ 1 either the external field’s amplitude E0 is very high, or the

wavelength λ is large (∼ IR waves), meaning that the period of the laser field T = λ/c is also

sufficiently large to favorize the quasi-static tunneling photoemission through the distorted

binding potential [17]. The transition between the two regimes, i.e., around γ ≈ 1, is a

smooth one, since it was observed that by approaching γ to 1 starting from the multiphoton

regime the ATI peaks start to fade out gradually until they almost completely vanish.

In other scenarios - succeeding the primary photoionization of the target - the ejected

8



1.1. Photoelectron Holography

(a) (b) (c) (d)

Figure 1.2: The schematics of different ionization mechanisms: (a) single-photon ionization;
(b) multi- and above-threshold ionization; (c) tunneling ionization; (d) over-the-barrier ion-
ization. The red curves show the 1D profile of the H+2 diatomic molecule’s Coulomb potential
V (�r), which for higher laser intensities [the case of (c) and (d)] gets distorted by the electron-

laser interaction term Uint(t) = �r · �E(t) in atomic units (dashed black lines), where �r is the
electron’s position vector, while �E(t) the electric component of the laser field.

electron may be driven back by the radiation field in the close vicinity of the parent ion,

where it may be reabsorbed by this [High Harmonic Generation (HHG) process], or on which

the returned electronic wave packet (EWP) may re-scatter elastically or inelastically. The

first post-ionization scenario enjoys a strong interest in the field of attoscience, namely in the

production of high energy XUV ultrashort pulses, since in the HHG mechanism the energy

gained by the ejected electron from the laser field is emitted in a form of a high frequency

photon [18], and by using an appropriate phase-matching the created photons are coherently

added and XUV attosecond pulses can be produced.

1.1 Photoelectron Holography

In the later scenarios the re-scattering EWP may be diffracted by the residual ion, and

a diffraction pattern occurs [laser-induced electron diffraction (LIED)] [19] in the measured

photoelectron spectra (PES), which then can be used to extract structural information - via

laborious procedures - regarding the irradiated target. Alongside this, recent studies [20,21]

have suggested that well distinguishable radial fringe structures (which implicitly simplify the

procedure of structural information extraction) may appear in the PES as the consequence

of an alternative process, according to which two distinct EWPs that are following different

paths interfere: the first one is the re-scattered wave on the ion, while the second one

is an electronic - unscattered or weakly scattered - wave, which is associated with a larger

transverse momentum and consequently misses the residual ion (Figure 1.3). Similarly to the

traditional holography, where two distinct fully coherent electromagnetic waves are present -

i.e., a scattered and a direct wave - in this laser induced EWP dynamics scenario a scattered

electronic wave interferes with a fully coherent direct wave, hence the process itself can be

considered as the laser induced photoelectron holography PEH of the target. The presence

of these different EWP paths will lead to different phases accumulated by these, and the

resulted phase differences become detectable in the measured photoelectron spectra (i.e.,

9



Chapter 1. Introduction
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Figure 1.3: The schematics of the scattered and direct electron trajectories. The parameter
z0 indicates tha maximum distance the signal (strongly scattered) electron reached before
the rescattering event.

in the angle-resolved momentum distribution of the ejected electrons), that may deliver us

useful structural information about the irradiated atomic systems.

Previous investigations [21] demonstrated that the spatial interference of the EWPs de-

tectable in the photoelectron spectra is the result of the superposition of wave packets ’born’

approximately at the same time (i.e., during the same quarter-cycle of the laser pulse), but

driven by the oscillating field along different paths. Due to the different phases accumu-

lated by the two EWPs, the coherent superposition of these will lead to the formation of

radial ridge structures in the PES [20, 22–28]. Using classical trajectory Monte-Carlo sim-

ulations [26] the assumption according to which these two distinct trajectories [20, 21] are

present in the coherent superposition process was proven to be valid for the case of the

hydrogen atom, where it was shown that the electrons can arrive at a given continuum state

with a well defined momentum �k along a weakly scattered and a strongly scattered trajec-

tory. Moreover, it was found that the weakly scattered electron, after it had been driven

back by the oscillating field, approached the parent ion to the minimum distance of 5 atomic

units; while the strongly scattered electron approached the core more closely, by reaching a

∼ 1 a.u. separation distance from this [26].

By reviewing the literature of previous experimental [20,22] and theoretical [26–30] inves-

tigations several aspects of the creation of the photoelectron holograms can be understood.

Firstly, it was shown that for a given target the density of the interference minima is deter-

mined by the z0 maximum distance measured from the parent ion that the liberated electron

reached before the rescattering event. The value of z0 can be directly controlled by the pa-

rameters of the driving field; i.e., by increasing the wavelength or the intensity of the laser

pulse results in an increased z0 value. Secondly, it was recently demonstrated [27] for atomic

targets that for a fixed driving field the features of the hologram were strongly influenced by

the profile of the scattering potential (i.e., by the atomic species). In addition to that, it was

proven by first principle and classical trajectory calculations [27], that the phase accumu-
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1.1. Photoelectron Holography

lated by the scattered electron is strongly influenced by the depth of the binding potential

experienced by the rescattering electron along the returning path.

With real optimism, in the near future it might be possible for experimentalists to take

advantage of this high target sensitivity of the PEH and utilize the measured photoelectron

momentum distribution maps to identify local potentials inside the laser irradiated samples.

Previous studies on PEH of small molecules (H+
2 )

Besides atomic targets, several studies on the photoelectron holography of molecular tar-

gets were also performed [31–36], a large portion of which were focusing on smaller atomic

systems, such as the H+2 molecule. The physics behind the creation of the photoelectron holo-

grams in molecules and the features appearing in the PES can be more easily understood

by investigating less complex targets. The H+2 molecule gives us the possibility to study the

influence of the internuclear distance and the two-center interference of the EWPs on the

molecular photoelectron holograms. A significant portion of H+2 related works [32, 33, 36]

investigated the influence of the molecular axis orientation on the PEH at equilibrium inter-

nuclear distance, and found that the forward scattering hologram (the signal and reference

EWPs were born at the same optical quarter cycles) is only weakly influenced by it. This

weak effect was explained by the observation that in the case of small molecules the electron

scattering cross section in the forward scattering direction is mainly determined by the long-

range Coulomb potential [34,37] and the short-range effects are repressed by the long range

contribution. However, it was later shown that the molecular axis orientation dependence

of the forward scattering photoelectron hologram can be increased either by using circularly

polarized driving fields [38], or by increasing the molecular axis length [39]. For the back-

ward scattering direction the contribution of the short-range part of the molecular Coulomb

potential is larger, thus - as it was expected - the backward scattering PEH (where the signal

and reference wave packets were created during different quarter cycles [31, 34]) is severely

affected by the molecular axis orientation [34].

In contrast, investigations on the molecular axis length dependence of the forward scat-

tering photoelectron holography are rather sparse. In [34] the indirect experimental evidence

is presented on the molecular axis length dependence of the PEH. Furthermore, in the frame-

work of a simplified model, where the H+2 was described by a 2D soft-core Coulomb potential,

this effect was explicitly studied in [39] and [35]. However, in the first study [39] it was only

marginally discussed, while in the second one [35] it was investigated in details only at large

internuclear distances (in the region of the charge-resonance enhanced ionization).

11



Chapter 1. Introduction

Outline of the thesis

Due to the newly emergent and previously discussed phenomena, resulted from the inter-

action between matter and ultrashort, high intensity radiation fields, a correct understanding

of the underlying processes is required. This can be achieved by extensive and elaborate the-

oretical investigations (e.g., [40–42]), which on the other hand will play an important role to

generate further directions for experimentalists and for new technical developments in the

field of laser science and technology. The present work is a theoretical one, which aims to

deliver additional and deeper understanding - by the development of efficient numerical tools

- in the field of laser induced electron dynamics, mainly to decipher the features appearing in

the photoelectron spectra of the diatomic (H+2 ) molecule. The work, as it will be presented

in the following sections, is based on first principle calculations.

In the above outlined context, the principal part of the present thesis is mainly dedicated

to the investigation of the molecular axis length dependence of the forward scattering pho-

toelectron hologram, where special attention is accorded to the physics of the molecular axis

length dependence of the PEH. More precisely, this work concentrates mainly on the investi-

gation of photoelectric holograms appearing as a result of the interaction between ultrashort

XUV pulses and the H+2 target. The main goal was to acquire valuable knowledge regarding

how the geometry (the internuclear distance) of the simplest molecule influences the nature

of the HM pattern, and to identify the multi-center effects of the molecular binding potential

on the holograms, as outlined in the second part of this thesis.

12



2. Theory
Theoretical works found in the literature, which investigate laser-induced electron dy-

namics may be separated into two separated parts. When certain specific aspects of the

underlying mechanisms need to be studied, many works are restricted to semi-classical cal-

culations that are using approximations and are focusing on the well defined problem (e.g.,

strong field approximation methods for calculating HHG spectra resulted by the reabsorbed

laser-driven photoelectrons). These type of methods that in certain circumstances neglects

some physical terms, usually treat (∼ partly) the electron semi-classically and are employed

to obtain relevant information in a relative short computational time. However, in order to

avoid as much as possible all information losses about the complete physical picture of the

underlying processes (induced by laser fields in atomic systems), the most accurate methods

used are based on the solution of the time-dependent Schrödinger Equation (TDSE); which

on the other hand, even for the simplest case (the interaction between the hydrogen atom

and a linearly polarized laser pulse) request a considerably larger amount of computer time

than the first type of methods. In this later, ’exact’, solutions of the TDSE, the electronic

wave function is calculated in time, by propagating it with the use of the time-dependent

Hamiltonian, that describes the entire system (atomic systems in laser fields).

2.1 Theoretical methods: implementations and bench-

marking the codes (H atom in laser fields)

Semi-classical approaches: Strong Field Approximation methods

In those cases when for instance the spectra of the emitted HHG photons need to be

calculated and investigated for different laser pulse parameters, different variation of the

strong field approximation (SFA) method can be used to describe the motion of the laser-

emitted, laser-driven and finally reabsorbed electrons. The dynamics of the returned and

reabsorbed electron, that releases its kinetic energy gained from the oscillating field in the

form of a high frequency photon (integer multiple of the fundamental driving frequency),

can be described in the simplest way be employing the three-step model (TSM), according

to which the reabsorbed electron, first, was ionized via the tunneling process (through the

barrier of the laser-distorted Coulomb potential); then accelerated in the continuum by the

oscillating electric field, where the Coulomb interaction with its parent ion is neglected;

finally, after the laser field reverses its sign it is driven back by this, and it gets reabsorbed

on its initial - ground - state. The motion of these electrons can be described by calculating

13



Chapter 2. Theory

the time-dependent dipole moment [43]:

�d(t) = −i

� t

t0

dt′
�

d�k d∗rec,�r(
�k + �A(t)) exp

�

−iS0(�k, t, t
′)
�

dion,�r(�k + �A(t′), t′) + c.c.,

where c.c. stands for the complex conjugate of the first part, �A(t′) = −
� t′

−∞
�E(t

′′

)dt
′′

is

the vector potential of the linearly polarized laser field within the dipole approximation,

dion,z = �Ψ�k|Ûlaser(t′)|ϕ0� = �Ψ�k|zE(t′)|ϕ0� is the probability amplitude for the |ϕ0� → |Ψ�k�
transition (|ϕ0� being the ground, while |Ψ�k� the continuum state: usually Volkov states,

or the more simpler plane waves), S0 =
� t

t′
dt

′′

[(�k + �A(t
′′

))2/2 + Ip] is the quasi-classical

action (a phase factor the electron acquires during its excursion in the continuum from

the radiation field), d∗rec,z = �φ0|−z|Ψ�k� is the probability (transition) amplitude that the
electron recombines with the residual ion by being reabsorbed on its initial ground state.

Extension of this method (SFA+ approach) would also consider the Stark-shift of

the ground state during the recollision event, and calculating directly the time-dependent

acceleration of the dipole moment a(t) = �Ψ(t)|â|Ψ(t)� [with â = −(q/me)∂Vc/∂z], the

Fourier-transform of which is linearly proportional to the total power radiated by the non-

relativistic electron [P (ω) = (e2)/(6πǫ0c
3)F{a(t)}, with e being the elementary charge], i.e.,

the spectra of the emitted photons during the acceleration of an electrically charged particle.

By using the Green-propagator formalism of the TDSE:

− i|Ψ(t)� = G+0 (t, t0)|Ψ(t0)�+
� t

t0

dt′G+(t, t′)U(t′)G+0 (t
′, t0)|Ψ(t0)�,

where U(t′) = �A(t′) · �k + �A2(t′)/2 (laser-electron interaction term in velocity gauge), and

the Green functions: G+0 = −i exp{−i(t − t0)E0}, G+(t, t
′

) = −i exp{−i
� t

t′
E�k(t

′′

)dt
′′}. By

employing the projection operators onto the bound and continuum states: B̂ =
�∞

b=0|ϕb��ϕb|
and Ĉ =

�

d�k|�k���k|, the dipole acceleration of the reabsorbed electron can be deduced to
the relation

a(t) ≃ �Ψ(t)|B̂âĈ|Ψ(t)�+ c.c. ≡ −
�

d�k
k2/2− E0

Δs
ab(�k, t) + c.c..

In the equation above ab(�k; t) is calculated by solving the following differential equation by

using fourth-order Runge-Kutta method [44, 45],

dab(�k; t)

dt
= i

�

E0 − E(�k; t)
�

ab(�k; t) + iCF �ϕ0|â|�k�U(�k; t)��k|Vc|ϕ0�,

where for the case of the H atom: Vc = −1/r, the Coulomb factor CF = [2Z
2/n2E0], n = 1,

Z = 1, and E(�k, t) = k2/2 + U(�k; t), while Δs = δt−1s
� t

t−δts
U(�k; t′)dt′ gives the Stark-shift

of the ground during the δts recollision time, which is approximated as the ratio between

the size of the wave packet dWP ≃ τexcursion · vinitial ≈ (3/4)2π/ω0 ·
�

2|ε0| and the recollision

14



2.1. Theoretical methods for investigating laser induced electron dynamics

Figure 2.1: HHG spectra for the H atom using 6 cycle sinusoidal envelope pulses (a)-(c) and
a 64 cycle Gaussian profile beam (d) for different laser field parameters. (a) λ=600 nm and
(b) λ=800 nm show the extent of the plateau region depending on the E0 electric field’s
amplitude. On subfig. (c) for a fixed intensity the HHG spectra dependence as a function
of λ is shown. In subfigure (d) E0 = 0.14 a.u.; λ = 1040 nm. (e) The E(t) electric field
component of the laser field (green curve), and the dipole acceleration a(t) (red curve).

velocity of the highest energy electrons vrecoll ≈
�

2× 3.17Up (i.e., δts = dWP/vrecoll).

TDSE methods: temporal propagation of the wave function

More complete picture regarding the laser-induced electron dynamics can be achieved by

solving - numerically - the electronic time-dependent Schrödinger equation (TDSE). Usually

the electronic wave function is expressed in terms of some basis functions (e.g., Bessel-

functions, n-order polynomial functions, eigenfunctions of the field-free Hamiltonian etc.):

Ψ(�r; t) =

�

d�k c(�k; t)ΨV (�k, �r; t),

where in the present case the use of the Volkov wave functions (solutions of the TDSE

for electrically charged particle in radiation field) were considered together with the c(�k; t)

expansion coefficients, where �k is the momentum of the ejected electron; and then inserted

the above expression into the TDSE:

i
∂

∂t
Ψ(�r; t) =

�

P̂2/2 + Ûint(t) + V (�r)
�

Ψ(�r; t).

By using the dipole approximation and length gauge [Ûint(t) = �r · �E(t)], next to the analytical
form of the Volkov states ΨV (�k, �r; t) = exp{− i

2

� t

0
[�k + �A(t′)]2dt′ + i[�k + �A(t)] · �r}, a final
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expression (coupled-differential equations, identical to the TDSE) for the c(�k; t) coefficients

can be analytically deduced:

∂c(�k; t)

∂t
=
exp{ i

2
[k2t + 2�k �F (t)]}
i(2π)3

�

d�k′c(�k′; t) exp
�−i

2
[k′2t+ 2�k′ �F (t)]

�

�

d�r V (�r)ei(
�k′−�k)·�r,

where �F (t) =
� t

0
dt′ �A(t′), while the last term represents the Fourier-transform of the Coulomb-

potential [in the case of the H atom (V = −1/r) this equals to F(�k′, �k) = −4π/(�k′−�k)2]. The

expansion coefficient (i.e., the time-dependent wave function) can be obtained by solving the

coupled-differential equation directly (TDSE model) [46] with the use of some differential-

equation-solving algorithm (e.g., fourth-order Runge-Kutta methods) or iteratively (iTDSE

model) [47]:

c(n)(�k; t) = c(n)(�k; ts) +

� t

ts

dt′
exp{ i

2
[k2t′ + 2�k �F (t′)]}
i(2π)3

�

d�k′c(n−1)(�k′; t′)e
−i
2
[k′2t′+2�k′ �F (t′)]F(�k,�k′),

where n represents the order of iteration [within themomentum-space strong field approxima-

tion (MSSFA) model n = 1], and where it was considered that c(n−1)(�k′; t) ≃ c(n−1)(�k′; ts) is

time invariant between ts and t. The methods were compared for the H atom irradiated with

E0=0.1 a.u.

E0=0.5 a.u. E0=1 a.u.

Figure 2.2: The occupation probability of different electronic bound states calculated at t = τ
(a); the ejected electron spectra as a function of electron momentum (�k → �p) for different
field amplitudes (laser intensities): (b) E0 = 0.1 a.u.; (c) E0 = 0.5 a.u; (d) E0 = 1 a.u..
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2.2. TDSE for diatomic molecules

a half-cycle laser pulse [E(t) = E0 sin (ωt+ ϕ0) sin
2
�

πt
τ

�

; where τ = 5 a.u. is the duration

of the pulse, ω = 0.05 a.u., φ0 = −ωτ/2 − π/2], by comparing the obtained photoelectron

spectra (see Fig. 2.2) calculated as:

dP

d�k
(�k) =

�

��ψ�k(�r)|Ψ(�r; t)
�

�

2
,

where for the continuum ψ�k(�r) states, first the plane waves were used (TDSE-O model) after

the bound states were subtracted from the WF (by using the Gram-Schmidt orthogonaliza-

tion procedure); second, the exact (one-center Coulomb) continuum states were also used

(TDSE-C model). It can be seen, that the iterative method approached the results obtained

by the exact (direct solution of the TDSE) model, from which one may conclude that the

iTDSE model can be used as an alternative and also reliable tool to investigate laser induced

electron dynamics.

2.2 TDSE for diatomic molecules

In the present work the time evolution of the laser irradiated molecular system is studied

within the framework of the frozen core approximation (i.e., the positions of the nuclei

are fixed). This approximation is reliable due to the fact, that throughout this work high

intensity (≥ 1016 Wcm−2) few-cycle XUV laser pulses are considered, resulting in ultrashort

interaction times (few tens of attoseconds), which are significantly shorter than the timescale

of the nuclear motions (vibration, rotation). During this time interval the motion of the

nuclei can be considered negligible next to the rapid movement of the electrons, thus the

induced nuclear dynamics can be neglected (the effect of the nuclear dynamics becomes

more significant in the case of longer, multi-cycle laser pulses). Nevertheless, because the

goal of this work was to calculate the interference map of the ejected EWPs, and to correctly

understand the physics behind it, we restricted ourselves only to few-cycle (two cycles in the

present case) XUV pulses. Considering these field parameters, the use of the frozen core

approximation is well founded.

Starting from the Born-Oppenheimer approximation the molecular wave function is writ-

ten as the product of the electronic (Ψ) and the nuclear wave function (χ):

Ψmol = Ψ{�R}(�r; t)χ(
�R; t),

with �r being the position of the active electron, and �R representing the nuclear coordinates

(i.e., internuclear distance). Considering this, the TDSE for the active electron is given as:

i�∂tΨ(�r; t) = Ĥ(t)Ψ(�r; t) =
�

Ĥ0 + Ûint(t)
�

Ψ(�r; t), (2.1)

where Ĥ(t) is the electronic Hamiltonian, Ĥ0 = T̂ + V̂ is the field-free part, which is given

as the sum of the kinetic-energy and the Coulomb potential term, while Ûint(t) = �r · �E(t) is
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Chapter 2. Theory

Figure 2.3: The molecular orientation with respect to the laser field (a) and the molecular
framework (b).

the laser-electron interaction contribution. The notation ∂t = ∂/∂t was used. By using the

prolate spheroidal coordinates

ξ = (rA + rB)/R; η = (rA − rB)/R; ϕ (the azimuthal angle), (2.2)

and the following analytical forms of the Hamiltonian operator’s different contributions:

T̂ = −(∇2/2me) =
2

meR2

�

T̂ξ + T̂η

J(ξ, η)
−

∂2ϕ
(ξ2 − 1)(1− η2)

�

, with

T̂ξ = −(d/dξ)(ξ2 − 1)(d/dξ); T̂η = −(d/dη)(1− η2)(d/dη); J(ξ, η) = ξ2 − η2;

V̂ = −(2/R)[ZA(ξ − η) + ZB(ξ + η)]J−1(ξ, η);

Ûint(t) = �r · �E(t) = E(t)z = (R/2)E(t)
�

ξη cos θR +
�

(ξ2 − 1)(1− η2) sin θR
�

;

next to the following ansatz of the the wave function

Ψ(�r; t) =
∞
�

m=−∞

Ψ(m)(ξ, η; t)eimϕ
�
√
2π, (m ∈ Z),

the TDSE in prolate spheroidal coordinate system reads as:

i∂tΨ
(m)(ξ, η; t) =

�

T̂ (m) + V̂
�

Ψ(m)(ξ, η; t) + (R/2)E(t)ξη cos θRΨ
(m)(ξ, η; t) +

+ (R/2)E(t)
�

(ξ2 − 1)(1− η2) sin θR
�

Ψ(m−1)(ξ, η; t) + Ψ(m+1)(ξ, η; t)
��

2.

Here for calculating the expression of T̂ (m) the property ∂2ϕΨ = −m2Ψ was used, and θR

was the angle between the internuclear axis (0z′) and the electric vector component of the

linearly polarized laser field. rA,B represented the distances measured from the the two nuclei

having the electrical charges ZA,B.
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2.2. TDSE for diatomic molecules

Numerical discretization: the Finite Element Discrete Variable Representa-

tion grid

For the discretization of the Ψ(m)(ξ, η) the finite element discrete variable representation

(FE-DVR) method was used for both coordinate axis. According to the FE-DVR method

the configuration space (ξ ∈ [1, ξmax]; η ∈ [−1, 1]) was divided into smaller sub-domains
(finite elements, FEs), and the WF expanded in the basis of DVR functions that were local

to each α-th FE. In each FE Nfun number of DVR basis functions were used, which were

defined as:

f (α)p (x) =











�

L
(α)
1 (x) + L

(α−1)
Nfun

(x)
� �

w
(α)
1 + w

(α−1)
Nfun

�−1/2
, p = 1;

L
(α)
p (x) (w

(α)
p )−1/2, p = 2, · · ·Nfun − 1;

�

L
(α)
Nfun

(x) + L
(α+1)
1 (x)

��

w
(α)
Nfun

+ w
(α+1)
1

�−1/2
, p = Nfun, where

(2.3)

L(α)p (x) = P(α)p (x)θ(x− x
(α)
1 )θ(x

(α)
Nfun

− x); and Pp(x) =

Nfun
�

k �=p

x− xk

xp − xk
.

Since the Hamiltonian contains at most second order derivatives it is sufficient to ensure the

continuity at the finite element boundaries, which was achieved by the use of the so-called

”bridge” functions (i.e., the basis functions when p = 1, Nfun). The Pp(x) are the Lagrange

interpolating polynomials with the property Pp(xq) = δpq, while θ(x) is the Heaviside step

function: θ(x − x0) = 1 if x ≥ x0; 0 if x < x0. In each FE the Lagrange interpolating

polynomials were defined using a set of local gridpoints - the Gauss-Lobatto quadrature

points - with w
(α)
p being their associated weights. By using the global indexing i ≡ (α{ξ}, p{ξ})

and j ≡ (α{η}, p{η}) for the local ξ and η gridpoints, and by denoting with fi(ξ) and gj(η)

the two set of basis functions, the WF was expanded as:

Ψ(m)(ξ, η; t) =

Nξ
�

i′=1

Nη
�

j′=1

ψ
(m)
i′j′ (t)fi′(ξ)gj′(η)/

�

(R3/8)J(ξi′, ηj′), (2.4)

and the TDSE in prolate spheroidal coordinates on the defined FE-DVR grids written as:

i∂tψ
(m)
ij (t) =

�

i′,j′

�

(2/meR
2)J

−1/2
ij J

−1/2
i′j′

�

δjj′�fi|T̂ξ|fi′�+ δii′�gj|T̂η|gj′�
�

+ δii′δjj′
�

(2m2/(meR
2(ξ2i − 1)(1− η2j )) + Vij + E(t)z′ij cos θR

��

ψ
(m)
i′j′ (t) +

+
�

i′,j′

�

δii′δjj′E(t)x
′
ij{ϕ=0} sin θR

�

(ψ
(m−1)
i′j′ (t) + ψ

(m+1)
i′j′ (t))/2,

where z′ij = (R/2)ξjηj , and x′
ij{ϕ=0} = (R/2)(ξ

2
i − 1)1/2(1− η2j )

1/2. (2.5)

TDSE in symmetrical matrix form

In order to obtain physically accurate results the Ĥ(t) operator should be represented
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by a Hermitian matrix. By taking into account that in the expansion of the Ψ(m)(ξ, η; t)

the fi(ξ) and gj(η) basis functions are real, the Hamiltonian matrix should be symmetrical.

The matrix elements of the Coulomb interaction operator (Vij) and the laser-interaction

operators are symmetrical (diagonal matrices), but the kinetic-energy matrix should have

been symmetrized. The symmetrization was achieved by integrating by parts the (T̂η)jj′,

(T̂ξ)ii′ elements:

�gj|T̂η|gj′� = −
� 1

−1

dη gj(η)
d

dη

�

(1−η2)
d

dη
gj′(η)

�

= −
�

(1− η2)gjg
′
j′

�

�

�

�

+1

−1
+

� 1

−1

dη(1−η2)g′jg
′
j′

�fi|T̂ξ|fi′� = −
� ∞

1

dξ fi(ξ)
d

dξ

�

(ξ2− 1) d
dξ

fi′(ξ)
�

= −
�

(ξ2 − 1)fif ′
i′

�

�

�

�

∞

1
+

� ∞

1

dξ(ξ2− 1)f ′
if

′
i′ .

In the above equations only the last (symmetric) terms remain, since when η = ±1 the term
1−η2 vanishes; while for ξ = 1 the term ξ2−1 is zero and the equality limξ→∞ f

(Last FE)
i (ξ) = 0

can be safely considered, since the value infinity lies outside of the last FE on the truncated

FE-DVR grid. According to the above considerations a symmetric Hamiltonian was obtained

by applying the Gauss integration quadratures to evaluate the remaining integrals:

(T̂η)jj′ ≃
�

l

w̃l (1− η2l )g
′
j(ηl)g

′
j′(ηl); (T̂ξ)ii′ ≃

�

k

wk (ξ
2
k − 1)f ′

i(ξk)f
′
i′(ξk). (2.6)

In both expressions above the first order derivation of the interpolating functions were in-

volved: ∂xL
(α)
p (x) = ∂xP(α)p (x)θ(x − x

(α)
1 )θ(x

(α)
Nfun

− x) + Ddiff(x), where a diffusion term

appeared Ddiff(x) = P(α)p (x)[θ(x
(α)
Nfun

−x)δ(x−x
(α)
1 )− θ(x−x

(α)
1 )δ(x

(α)
Nfun

−x)] with the Dirac-

delta functions: δ(x− x0). Using the matrix formalism the wave function labelled with the

quantum number m can be given in the form of a column matrix:

�

�ψ(m)(ξ, η)
�

→
�

ψ(m)(η1, ξ1), ψ
(m)(η2, ξ1), . . . , ψ

(m)(ηNη
, ξ1), ψ

(m)(η1, ξ2), . . . , ψ
(m)(ηNη

, ξNξ
)
�T

;

and the Hamiltonian as a sparse (Nξ ×Nη)
2 sized matrix with a large portion of off-diagonal

zero valued regions (where Nξ and Nη are the total number of considered gridpoints on each

coordinate axis).

Figure 2.4: The shape of the kinetic energy parts - (T̂ξ), (T̂η) matrices - of the Hamiltonian.
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2.2. TDSE for diatomic molecules

Numerical implementation and integration of the TDSE

Since large off-diagonal regions of the Hamiltonian had zero values, from the numerical point

of view the matrix-vector multiplications became cheap. Moreover, a further optimization

of the calculations was achieved by employing a proper parallelization (OpenMPI) along the

ξ configuration space (i.e., the same number of FEs were distributed on each CPU). In the

present work, the orientation of the molecular axis was constrained parallel to the laser field

polarization vector (θR = 0), which significantly reduced the numerical complexity of the

studied system. Hence, due to the cylindrical symmetry around the molecule, the coupling

(i.e., the population transfer) between the partial channels corresponding to different m

values disappeared, and since the simulation was started from an m=0 state (the 1sσg

ground state obtained by the direct diagonalization of the field-free Hamiltonian by using

the SLEPc package [48]) the dimensionality of the original 3D problem was reduced to 2D.

Then this initial state was propagated in time by using the short-iterative Lanczos (SIL)

scheme [49], in the framework of which a NK = n + 1 dimensional Krylov-subspace [50]

was constructed - in each time step - by the repeated action of the Hamiltonian on the

|Ψ0� = |Ψ(�r; t)� state as follows:

Kn(t) =
�

|Ψ0�, Ĥ|Ψ0�, Ĥ2|Ψ0�, . . . , Ĥn|Ψ0�
�

; (2.7)

which in turn was transformed into an orthonormal set of |qi� vectors (�qi|qj� = δij) by using

the Gram-Schmidt procedure. Finally the wave function was calculated as

|Ψ(�r; t+ δt)� = Û(t+ δt, t)|Ψ(�r; t)� =
n

�

k=0

n+1
�

j=1

Φk+1(j)e
−iǫjδtΦ1(j)|qk�, (2.8)

where the approximation Û ≃ ÛQ = exp{−iĤQ(t)δt} = Q exp{−iĥδt}Q† of the evolution

operator was used, and the {Φk, ǫk} were the eigenvectors and eigenvalues of the newly
constructed (ĥ) Hamiltonian matrix, the elements of which were calculated as hij = �qi|Ĥ|qj�.
The convergence of the time-propagation step was achieved by fixing the Δt → δt and

increasing appropriately NK.

Calculating physical quantities: Photoelectron spectrum

By employing the aforementioned temporal propagation scheme the Ψ(�r; t)→ Ψ(ξ, η; t) WF

was obtained (with �Ψ|Ψ� = 1), and was used to calculate physical observables, such as the
expected position of the ionized electron: r(t) = �Ψfree|r|Ψfree�/�Ψfree|Ψfree�; and in the final
stage the ionization probability density [i.e., photoelectron spectrum (PES)]:

dP

d�k
(k; θk; t) = |�Ψ�k|Ψfree(t)�|2, (2.9)

where for the exact |Ψ�k� continuum states the approximate |ΨC� one-center Coulomb func-
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tions were used, and the |Ψfree(t)� free part of the WF was obtained by subtracting the |ϕb�
bound states from the wave function: |Ψfree� = |Ψ� − �ϕb|Ψ�|ϕb�; because these states were
not orthogonal to the approximate continuum states. In order to eliminate further errors

that the one-center Coulomb functions would have brought into the image of the PES, the

WF was further propagated in time - after the completion of the pulse (t > τ) -, until the low

momentum electrons had also left the very near regions of the nuclei (those regions where the

difference between the one-center Coulomb function and the exact one is the largest), and

reached those far regions, where the differences between these two could be safely considered

negligible.
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3. Results and discussion

3.1 Convergent bound state wave functions and bound

state energies of H+2
In the very first step convergence tests were carried out in order to obtain the optimal numeri-

cal (spatial) discretization parameters (ξmax, Δξ, Δη) and the accurate/convergent bound

state wave functions and bound state energies of the H+2 molecule [51]. This was achieved

by diagonalizing the H(0) field-free Hamiltonian with the use of the Scalable Library for

Eigenvalue Problem Computations (SLEPc) package [48]. The symmetries of each bound

1sσg | ε=-1.10263 2pσu | ε=-0.667534

2sσg | ε=-0.36085 3pσu | ε=-0.25413

3dσg | ε=-0.235778 3sσg | ε=-0.177681

Figure 3.1: The first six electronic bound states’ wave function and bound energies of the H+2
molecule obtained by diagonalizing the field-free Hamiltonian for the equilibrium internuclear
separation R = 2 a.u.. The plots show the ϕi(�r) wave functions rotated into the real plane.

state was identified numerically by counting the nodal planes in both ξ and η directions.

Moreover, the bound ϕ
{R}
j wave functions were calculated for a large number ofR internuclear

distances, and the obtained εj(R) eigenenergies of Ĥ(0) were added to the proton-proton

repulsion energy 1/R, and then the obtained potential energy curve (PEC) [εj(R) + 1/R]

plotted next to data found in the literature [52]:
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Chapter 3. Results and discussion

Figure 3.2: The calculated potential energy curves (PECs) for different BSs plotted next to
the reference data (solid lines) [52]. The equilibrium distance is located at the lowest energy
1sσg (ground) state when R0 = 2 a.u.. The higher energy states are dissociative states.

3.2 XUV-field induced electron dynamics: Photoexci-

tation of H+2
In the present case, where the main and final goal was to investigate the physics behind

the creation of the holographic image of the H+2 molecule created with photoelectrons, it

was more appropriate to restrict the calculations to laser pulses having shorter wavelengths,

i.e., by considering high frequency XUV radiations. This statement holds, since in the case

when larger wavelengths are used also the periods of the laser fields are longer, hence more

EWPs are emitted in the continuum on different time moments of the same optical half-

cycle, which on the other hand will result in a rather complex (difficult to be deciphered)

electron trajectory mechanism and interference patterns. In accordance with this, a two-

cycle laser field with frequency ωXUV = 0.4445 a.u. was chosen from the XUV regime [ω

corresponds to a λ ≈ 100 nm (ν = 2.92 PHz=2.92× 1015 s−1) central wavelength radiation],
where the pulse duration was fixed to τ = 28.26 a.u., and ϕCEP = −(ωτ + π)/2, which

resulted a symmetric pulse in time. In order to obtain relevant information regarding how the

value of the internuclear distance (R) influences the photoelectron hologram, three different

R ∈ {1, 2, 4} a.u. configurations were investigated, which were illuminated with different
field intensities (E0 ∈ {0.25, 0.5, 0.75, 1} a.u.), such that the Keldysh-gamma parameter
was kept in the vicinity of 1 (not far from the transition region between the tunneling and

above threshold ionization). For all the considered R values the similar behavior of the BSs’

occupation probabilities (OPs) was observed [53]: (i) the major dynamics (the considerable

depletion of the ground next to the rapid increase of the 2pσu state’s OP) occurred at the

first major maximum of the field (i.e., t = τ/4 ≃ 7 a.u); (ii) and at the the central maximum

(t = τ/2 ≃ 14 a.u), which almost totally emptied the low-lying bound states; (iii) a small,

but not negligible amount of OPs were detectable after the completion of the laser pulse
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3.2. XUV-field induced electron dynamics: Photoexcitation of H+2

(t > τ). The dynamics of the OPs were found to be in accordance with the selection rules

of optical transitions, where it was shown that for the case of low field intensities (when

t < τ/5) the 1sσg → 2pσu transition (being realized by absorbing an odd - at least 1 -

number of photons) was more pronounced than the 1sσg → 2sσg excitation (needs an even

number of absorbed photons, minimum 2). For the first part of the pulse (t < τ/2), the

OPs of the 2sσg and 3pσu showed more or less the similar trend, which can be explained

by the fact that a balance was achieved in the dynamics of 1sσg → 2sσg and 1sσg → 3pσu

transitions.
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Figure 3.3: (a) The temporal shape of the laser’s electric field component for different E0
field amplitudes. (b) The occupation probabilities of the first 4 bound states as a function of
time for different electric field amplitudes and for the fixed internuclear distance R = 2 a.u..
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3.3 The ionization of H+2 : Obtaining convergent photo-

electron spectra

Since the scattering states used during the calculation of the PES - as already stated earlier-

were approximate ones, the obtained PESs contained a certain amount of error. However

the introduced errors could be reduced by further propagating the WF after the conclusion

of the laser pulse, and by subtracting the contributions of the BSs (which were shown to

be present in the excitation processes after t = τ) from the WF prior to the calculation of

the final spectra. In order to show this error can be reduced to minimal, first, investigation

regarding on how the number of the subtracted BSs influences the PES, second, how these

spectra depend on the propagation time after t > τ . Convergence tests for all considered

internuclear distances were carried out, and the convergence behavior of the PESs was found

to be similar for all R values. Here the results for R = 4 a.u. are concisely presented.

Convergence of the bound state subtraction

At time moment 5τ (measured from the start of the laser pulse) the PESs were calculated

for cases when a different number of BSs were removed from the TDWF. In Fig. 3.4 the

spectra obtained for the internuclear separation R = 4 a.u. and for different number of

removed bound states (NBS) are shown. The concentric rings observable in Fig. 3.4(a) are

the direct consequence of the non-orthogonality of the H+2 BSs with respect to the used

approximate scattering states. The projection of the bound part of the wave function onto

single center Coulomb wave functions is non-vanishing, and during the calculation of the PES

it was coherently added to the projection of the continuum part of the TDWF leading to

the concentric ring structure observed. With gradual subtraction of the BSs the concentric

rings started to fade away: For NBS = 5 they are already significantly reduced [Fig. 3.4(b)],

while for NBS ≥ 20 they are barely visible.

This behavior was also visible when the PES as a function of electron ejection angle

(measured from the polarization vector of the laser field) was plotted for fixed electron

momentum values. For k = 0.5 a.u.. a significant change in the spectra was observed as NBS

was increased from 0 to 5, and then to 20, while for NBS ≥ 20 the changes in the PESs were

Figure 3.4: Photoelectron spectra calculated as a function of number of subtracted bound
states (NBS) considered at time moment 5τ for the internuclear separation R = 4 a.u.. (a)
NBS = 0; (b) NBS = 5; (c) NBS = 20; (d) NBS = 80; (e) NBS = 140.
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Figure 3.5: Ionization probability density at t = 5τ for the fixed k =0.5 a.u. momentum as
a function of subtracted bound states number for R=4 a.u..

negligible. After analyzing the spectrum at different fixed electron momentum values - by

scanning both the lower and higher momentum part - no significant differences between the

results obtained for NBS ≥ 20 were observed. Similar convergence tests showed the similar

behavior for the other R internuclear distances, with the remark that with the decrease of

R (increase of Ip) the number of subtracted states required for a converged PES increased,

because for smaller R values a larger portion of the WF was distributed among the BSs.

Hence, in order to eliminate as much as possible the undesired errors the BSs would bring

into the PES image a total number of NBS = 120 bound state subtraction was considered.

Convergence as a function of propagation time

The image of the PES for different time moments after the completion of the laser pulse was

studied. In Fig. 3.6 the PESs obtained for R = 4 a.u. at t = τ , 3τ , and 5τ are shown. A

noticeable change in the image of spectra as a function of the propagation time was observed

for small photoelectron momentum values (k ≤ 1 a.u.). In contrast, for the high electron

momentum values the changes in the spectra with increasing propagation time were barely

observable. This convergence behavior can be understood based on simple arguments. The

difference between the simple one-center Coulomb wave functions and the exact scattering

states of the H+2 target is the largest in the immediate vicinity of the target. Thus, when

the spectrum of the continuum EWPs were calculated, the projection error introduced by

Figure 3.6: Ionization probability density calculated for the internuclear distance R = 4 a.u.
as a function of electron momentum component perpendicular (kx) and parallel (kz) to the
laser polarization vector calculated at time moments: (a) τ ; (b) 3τ ; (c) 5τ .
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Chapter 3. Results and discussion

the approximate scattering states was larger if the continuum EWPs were closer to the

target. With the increase of the propagation time the projection error decreased, which can

be explained by the fact that with increasing the propagation time the continuum EWPs

departed from the vicinity of the target and arrived to the regions of the coordinate space,

where the difference between the exact and approximate scattering states is smaller. The

low momentum part of the continuum EWP departs much slower from the vicinity of the

target, thus as it is observed on Fig. 3.6 the low momentum part of PES (compared to

the high momentum part) was more severely impacted by the projection error. The above

outlined arguments are also supported by the fact, that with increasing propagation time

the changes in the PES are smaller: while the difference between the PESs calculated at

t = 1τ and t = 3τ time moments are clearly identifiable, until then the differences between

the t = 3τ and t = 5τ PESs are less obvious.

In addition to that, more rigorous investigations were made by taking cuts along fixed

|�k| and θk (ejection angle) values. In each cases, a faster convergence for the larger k values

was observed, which is supported by the fact that the electrons with larger momenta (i.e.,

higher velocities) are further away from the two nuclei than those with smaller momenta.
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Figure 3.7: The angular distribution of photoelectrons as a function of the propagation time.
Results are shown for R = 4 a.u. and for different electron momentum values: k=0.2 a.u.
(a); k=0.5 a.u. (b); k=1 a.u. (c).
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3.3. The ionization of H+2 : Obtaining convergent photoelectron spectra

Convergence parameter assigned to the calculated PES

A “full” convergence (also for small k values) can be achieved by propagating the WF even

further in time. However, for those calculations the coordinate space simulation box should

also be increased (to prevent absorption and reflection at the simulation box boundary),

which would imply a non-negligible increase of the CPU time required for the simulations.

In order to quantitatively describe the convergence of the spectra the

E(t) =
� �

dkxdkz|P (kx, kz; t)− P (kx, kz; τ)|
� �

dkxdkzP (kx, kz; τ)
(for t > τ) (3.1)

quantity was introduced, which measures the relative difference between the PES calculated

at the end of the laser pulse (t = τ) and the spectra calculated at a later time moment t > τ .

It was observed for all R cases that ER(t) exponentially converged towards an asymptotic

value ER
∞, which was obtained by fitting the calculated ER(t) data points with the function

ER
fit(t) = ER

∞ − βe−αt (α, β ∈ R
+), and the relative error of the PES was estimated as:

δRconv(t) = ER
∞ − ER(t). (3.2)

In Fig. 3.8 this error estimate was plotted as a function of time along with its exponential fit

(βe−αt) for different R values. For each internuclear separation δRconv(t) showed an excellent

agreement with the used exponential fit confirming the assumed exponential decrease of the

projection error. As it is indicated on Fig. 3.8, for the propagation time 5τ the error estimate

for each internuclear distance is below 0.5%. Since this remaining error is affecting only the

low momentum part of the PES, and the dominant features of the photoelectron hologram

are located at the high momentum part of the spectrum, for the results presented in the

following, the time propagation was ended at t = 5τ .

Figure 3.8: The error estimate δRconv as a function of time for different R values. The data
points are shown along with the βe−αt fit.
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Chapter 3. Results and discussion

3.4 The effect of the laser field intensity on the photo-

electron hologram

By fixing the frequency of the radiation field to ω = 0.4445 a.u., the duration of the

laser pulse to τ = 28.26 a.u., and modifying the value of the electric field’s amplitude (E0)

the ionization of the H+2 was investigated. Here the results obtained for the R = 2 a.u.

equilibrium internuclear distance of H+2 are summarized. Fig. 3.9 shows the obtained ioniza-

tion probability densities as a function of electron momentum component perpendicular (kx)

and parallel (kz) to the laser field’s polarization vector for the E0 ∈ {0.25, 0.5, 0.75, 1} a.u.
electric field amplitudes.

Figure 3.9: Laser induced photoelectron spectra as a function of electric field amplitude
[(a) E0 = 0.25 a.u., (b) E0 = 0.5 a.u., (c) E0 = 0.75 a.u., (d) E0 = 1 a.u.] calculated for
the R = 2 a.u. equilibrium internuclear distance after the completion of the external field
(t = τ). On the x-axis electron momentum component perpendicular (kx), on the y-axis
parallel (kz) to the laser polarization vector is shown.

At first sight two straightforward observations could be made. According to the first one

- which is an obvious and expected behavior - with the increase of the field’s intensity the

ionization probability of the electrons is distributed along a larger region of the momentum

space (more intense radiations causes larger measurable maximum electron energies). While,

for the lowest E0 = 0.25 a.u. field the maximum of the ionization probability densities is

situated around the value of kz = 0.5 a.u. (meaning a Ekin = (kx + kz)
2/2 = 0.125 a.u.

electron energy) the maximum is shifted to the high momentum value of kz = 2 a.u. for the

case of the extremely high intensity (E0 = 1 a.u.), corresponding to Ekin = 2 a.u. electron

energy. The scaling of the largest probability of photoelectron energies with the amplitude

of the electric field can be given by the expression E (2)kin,max/E
(1)
kin,max =

�

E
(2)
0 /E

(2)
0

�2
, which

for the discussed cases gives a factor of 16 magnification in maximum electron energy by

increasing the amplitude from E0 = 0.25 a.u. to E0 = 1 a.u.. The linear scaling between

kmax and E0 was obvious only by looking at the plots calculated for the four different laser

field intensities.

The second observation was, that the PES images become more and more complicated

by increasing the external field’s strength. As it can be observed, in the case of the lowest

electric field amplitude very few features appeared in the spectra, while for the largest E0
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3.4. The effect of the laser field intensity on the photoelectron hologram

amplitude the pattern became quite complex and hard to be deciphered. This increase in

the complexity of the PES images can be explained by the fact, that as the intensity of the

radiation is increased the dynamics of the continuum EWPs became more diversified.

In addition to that, well structured minimum radial patterns appeared in all cases, which

are basically interference minima of the signal and reference EWPs. The location of these

minima were proven to be dependent on the z0 maximum distance that the signal electron

reached before the return to its parent ion, a parameter that can be directly controlled by

the intensity of the laser field: by increasing E0 the value of z0 also increases.

Beside these two first-sight observations, it was also observed, that by increasing E0 the

number of radial interference minima appearing in the forward ejection region (kz > 0)

increased. By considering only the positive momentum component part of the forward

ejection region (kx > 0, kz > 0) in the case of E0 = 0.25 a.u. two minima were detected,

while by increasing the field amplitude the number of minima increased to 3 (E0 = 0.5 a.u.),

4 (E0 = 0.75 a.u.) and 5 (E0 = 0.75 a.u.). The number of appearing interference minima

is again the direct consequence of the strength of the radiation field, which as it gets more

and more increased drives the signal EWP to larger and larger z0 distances.

Another interesting feature that appeared in the PES when E0 was increased to 0.75 a.u.

and above that, to 1 a.u, was that in the low momentum part of the spectra a second

interference pattern occurred. For E0 = 0.75 a.u. these secondary structures are located

at kz < 1, while for E0 = 1 a.u. they appear below the parallel momentum component

value kz < 1.5 a.u.. These two distinct interference pattern regions - obtained for the

high intensity fields - are the direct consequence of two distinct interference mechanisms.

While in the case of lower field strengths (i.e., E0 ∈ {0.25, 0.5}) only the primary dominant
mechanism is observable - interference between EWPs created during the same optical half-

cycle -, for higher electric field strengths a secondary mechanism become detectable, which

can be attributed to an additional ejection of EWPs: the ejection of a secondary pair of

reference and signal EWPs occurring at a different part, at another half-cycle, of the pulse.

This secondary feature, that modified the low momentum part of the primary interference

pattern (last two subfigures of Fig. 3.9), is attributed to the different values of the vector

potential �A(t) in these two distinct optical half-cycles, i.e., in the instances when these two

pairs of EWPs were ejected into the continuum by the radiation field.
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Chapter 3. Results and discussion

3.5 The effect of the molecular potential on the pho-

toelectron hologram

The main goal of this thesis was to investigate the structure of the photoelectron holograms

for molecular targets, i.e., how the geometry of the molecule is influencing the hologram.

To this end the PES obtained for the H+2 target with different internuclear separations

interacting with a few cycle laser pulse with the following parameters (laser frequency ω =

0.4445 a.u., pulse duration τ = 28.26 a.u., and the electric field amplitude E0 = 0.5 a.u.) is

presented. Based on previous [26, 27, 29, 30] studies it is well known that the shape of the

hologram is predominantly influenced by two factors. The first one is the spatial path of

the strongly scattered (signal) electron trajectory [26, 29, 30], which is characterized by the

z0 parameter meaning the maximum distance reached by the continuum EWP before the

rescattering event. The second factor is the potential experienced in the immediate vicinity

of the target by the returning electron along the signal trajectory [27].

In order to identify the influence of the molecular binding potential on the photoelectron

hologram, calculations for a model system with a spherically symmetrical potential - having

the same asymptotic form as the H+2 target - were also performed, which during the interac-

tion with a few cycle laser field it produces the similar signal electron trajectory as the H+2

target (i.e., it has the same z0 parameter). This second condition can be fulfilled by ensuring

that the Ip ionization energy of the model potential and the H
+
2 target is the same. If these

two conditions are met, than the differences observed in the PESs can be directly attributed

to the difference between the binding potentials in the immediate vicinity of the targets [27].

This model potential was constructed by performing the molecular axis orientation averaging

of the potential created by the two nuclei of the H+2 , which leads to the following form

Vmod(r) =

�

−2/r , if r ≥ R/2;

−4/R , if r < R/2,
(3.3)

where R is the internuclear distance of the H+2 target. Compared to H
+
2 , the ionization energy

of the model system became lower (since the deep potential well around the cores disappeared

as a result of the orientation averaging), thus, in order to ensure the same ionization energy

the model potential should have been modified by performing the following substitution

R → Requiv, where Requiv is a model parameter. The value of Requiv for each internuclear

separation is listed in Table 3.1.

Table 3.1: The values of the equivalent internuclear distances used for the model target
system.

R [a.u.] Requiv [a.u.]
1.0 0.92
2.0 1.72
4.0 3.01
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3.5. The effect of the molecular potential on the photoelectron hologram

Figure 3.10: The converged photoelectron spectra calculated for the H+2 (first row) are shown
for different internuclear distances: (a) R = 1 a.u., (b) R = 2 a.u., (c) R = 4 a.u.. The H+2mod
results corresponding to each internuclear separation are shown below the H+2 . For a given

R the ionization energy of the H+2 and H
+
2mod targets is the same: I

(a)
p = I

(d)
p ; I

(b)
p = I

(e)
p ;

I
(c)
p ≡ I

(f)
p .

By comparing the PES obtained for the H+2 (first row of Fig. 3.10) target and for its model

system (H+2mod, second row of Fig. 3.10), at first sight similarities could be observed between

the spectra calculated for the corresponding R -Requiv pairs [Fig. 3.10(a) ⇔ (d); (b) ⇔ (e);

(c) ⇔ (f)]. These similarities between the holograms obtained for the molecule and for its

corresponding model is not surprising, since the model system was constructed in such a way

that the IPs of both system were identical. Thus, under the action of the same driving field

the direct and scattered paths were roughly the same for both targets, which ensured that

the phases accumulated by the electron along these paths were similar for both systems.

Therefore, the differences can be directly attributed to the fact that in the neighborhood

of the targets the binding potentials differ. This difference was illustrated in Fig. 3.11,

where ρ [V (ρ, z)− Vmod(ρ, z)] is shown in the ρOz plain (with ρ =
�

x2 + y2 denoting the

cylindrical coordinate).

The discrepancies between the holograms obtained for H+2 and for its model were further

investigated by comparing (Fig. 3.12) the angular distribution of photoelectrons at a fixed

electron momentum value (k = 1.5 a.u.) for different internuclear separations. For each

internuclear distance in the forward electron ejection direction (θk ≤ 90◦) the deep minima

associated with the spatial interference can be clearly identified for both systems. Moreover,
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Chapter 3. Results and discussion

Figure 3.11: The value of ρ [V (ρ, z)− Vmod(ρ, z)], where ρ and z are the cylindrical coordi-
nates, calculated for the corresponding pairs: (a) R(H+2 ) = 1 a.u., Requiv(H

+
2mod) = 0.92 a.u.;

(b) R(H+2 ) = 2 a.u., Requiv(H
+
2mod) = 1.72 a.u.; (c) R(H

+
2 ) = 4 a.u., Requiv(H

+
2mod) = 3.01 a.u..

the electron ejection angles at which these interference minima appeared roughly coincides

for both targets. However, in the case of the model system, regardless of the internuclear

distance, the interference minima were found to be systematically located at slightly smaller

electron ejection angles, which translates to a slightly denser (smaller angular separation

between the interference minima) hologram for the model target.

The denser hologram in the case of the model target can be directly attributed to the

fact that the returning electron along a large portion of scattered trajectory meets a deeper

binding potential [27]. This is confirmed in Fig. 3.11, where it can be observed, that with

the notable exception of the immediate vicinity of the H+2 cores ρ [V (ρ, z)− Vmod(ρ, z)] ≥ 0.

Based on the above arguments, it is clear, that the observed differences between the holo-

grams of the real H+2 target and its model can be attributed to the difference between the

two-center binding potential of H+2 and the central binding potential of the model target.

Nonetheless, in the hologram of the H+2 target obvious traces of the two-center interfer-

ence [54,55] were not observed at first sight. This can be explained by the fact that the two

dominant continuum EWPs were created during an optical half-cycle [26, 27] of the driving

field, and during a relatively large (compared to the laser field period) duration of time.

Each of these two dominant continuum EWPs can be decomposed into smaller continuum

wave packets, which are created over a short period of time in which the vector potential

can be considered constant. In these smaller continuum EWPs the two-center interference

pattern might be present, however after the completion of the laser pulse, when these wave

packets are coherently added, the interference pattern is most probably averaged out since

each of the smaller wave packets is shifted in momentum space in accordance with the vector

potential of the laser field in their creation moment.

Traces of the two-center interference appear to be present as a modulation in the depth

of the spatial interference minima. Fig. 3.13 shows the depth of the spatial interference

minimum, observable around the θk = π/8 electron ejection angle in Fig. 3.10(b), as a

function of the electron ejection momentum for the H+2 target and for its model as well. The

high momentum (k > 1.5 a.u.) minimum observable only in the H+2 curve is located closely
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Figure 3.12: The angular distribution of photoelectrons at the fixed k = 1.5 a.u. momentum
value for the different targets: (a) R(H+2 ) = 1 a.u., Requiv(H

+
2mod) = 0.92 a.u.; (b) R(H+2 ) =

2 a.u., Requiv(H
+
2mod) = 1.72 a.u.; (c) R(H

+
2 ) = 4 a.u., Requiv(H

+
2mod) = 3.01 a.u..

to the two-center interference minimum predicted by the simple model of Nagy et al. [56],

where the two-center interference pattern was shown to be proportional to ∼ cos2
�

�k·�R
2

�

.

The shift in the location of the H+2 minimum appears due to the nonzero vector potential in

the time moment when the continuum EWP showing the deep minimum was created. The

minima observable for both the H+2 and its model at low electron momentum values are the

result of the interference between the EWPs created during the second and third half cycle

of the laser field [27].

The internuclear distance dependence of the photoelectron hologram was shown on Fig.

3.10, where it can be observed that by increasing the internuclear distance from 1 a.u. to

4 a.u. the density of the hologram has also increased. This behavior of the hologram can

be clearly observed on Fig. 3.14, where the angular distribution of photoelectrons emitted

with asymptotic momentum k = 2 a.u. were shown for different R values. The number of

spatial interference minima in the forward electron ejection region (θk < 90◦) for the R=1 a.u.

internuclear distance is 3, which increased to 4 for the R = 2 a.u. and R = 4 a.u. internuclear
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Figure 3.13: PES values along the first spatial interference minimum calculated for H+2 and

for the H+2mod model plotted next to cos
2(�k · �R/2) ≡ cos2[k · cos(θk) · R/2].

distances. Moreover, the 4th interference minimum for R = 4 a.u. is located at smaller

electron ejection angle than the 4th interference minimum for R = 2 a.u. Consequently, the

average angular separation between the interference minima decreases (i.e., the density of

the interference pattern increases) as the internuclear distance gets larger.

This increase in the interference pattern’s density with increasing internuclear separation

is indirectly induced by the drop-off of the ionization energy with the increase of R. For a

fixed driving laser pulse the decrease in the IP leads to the increase of the initial velocity of

the created continuum EWP, which in turn leads to longer electron trajectories prior to the

rescattering event. With the increase of the electron trajectory length (i.e., with the increase

of the z0 parameter) the density of photoelectron hologram also increased.

Despite the considerable change of the H+2 ionization energy from 1.451 a.u. to 0.796 a.u.

when the internuclear distance is increased from 1 to 4 a.u., a drastic change in the inter-

ference pattern’s density was not observed. This can be explained by considering that the

expected increase of the interference pattern’s density was tempered due to the fact, that

with increasing R the depth of the binding potential experienced by the returning electron

decreased, which in turn lowered the density of the hologram.
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Figure 3.14: The k = 2 a.u. segments of the photoelectron spectra zoomed to the ejection
region θk < 90◦ calculated for the H+2 molecule for the different R internuclear separations.
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4. Conclusions
In the first part of the thesis I have presented two different theoretical approaches that

were implemented to investigate laser induced electron dynamics in small atomic systems.

The first approach was a semi-classical method based on the strong-field approximation

(SFA) scheme, where the simple three-step model of SFA was used and the acceleration of the

tunnel-ionized electron calculated in the presence of the oscillating field. In the recombination

process of the ionized electron to the parent ion - which mechanism is responsible for the

creation of the high harmonic generation (HHG) pulses - also the Stark-shift of the ground

state of the hydrogen atom in the presence of the oscillatory electric field was included, and

the characteristics of the HHG spectra investigated as a function of laser parameters. With

the implemented method the expected increase of the HHG plateau was obtained, where the

last (highest energy photon) harmonic in the plateau region is resulted from the reabsorption

of a high energy electron that releases its 3.17Up + Ip exes energy gained from the radiation

field. The Up ponderomotive energy increased with increasing the wavelength and/or the

electric field amplitude of the laser pulse (Up ∼ λ2E20). The obtained behavior of the HHG

spectra may give us further possibilities to introduce the (CPU parallelized) calculations

into more complex numerical codes, where the macroscopic effects of the laser propagation

through medium are investigated.

Beside this semi-classical approach - that was used to calculate the dynamics of the reab-

sorbed laser driven electrons - two other methods were discussed as well, which were based

on the solution of the time-dependent Schrödinger equation (TDSE), and which can be used

to extract a full physical picture regarding the behavior of ejected electronic wave packets.

For the solution of the TDSE two different approaches were considered and numerically im-

plemented: the iterative solution (iTDSE model) and the direct solution (TDSE method)

of the momentum space TDSE, which were employed to calculate and compare the laser

induced photoelectron spectra obtained for the hydrogen atom.

In the principle part of the present thesis the photoelectron holography of a diatomic

molecule considered with a single active electron (SAE) was studied. This goal was achieved

by implementing first a numerical method which is based on the direct solution of the TDSE

for the XUV laser field irradiated system. As target the H+2 molecule was considered and

the interaction with a few-cycle (ultrashort) XUV laser pulse was studied. The electronic

wave function and the Hamiltonian of the system was represented in the prolate spheroidal

coordinate system and on a finite-element discrete variable representation (FE-DVR) grid,

where in each finite element the wave function was expanded in the basis of local Lagrange

interpolating polynomials. As the first step the accuracy of the grid representation was

checked, and accurate/convergent bound state (BS) energies and wave functions of H+2 were

obtained by the direct diagonalization of the field-free Hamiltonian. With the calculated
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BSs accurate potential energy curve and electronic transition dipole moments were obtained,

which can be included in further calculations where the nuclear dynamics are also involved

in the laser induced processes. Another important element in the study of the laser induced

EWP dynamics was the calculation of the initial (ground) state wave function of the target,

which was later on propagated in time by using the short-iterative Lanczos algorithm. In

this time propagation scheme a complex absorbing potential (CAP) was also built in to

eliminate the reflections from the edge of the simulation box, and to control the size of the

grid (i.e., if absorption is detected at the CAP, then the size of the simulation box was

extended) in order to reduce as much as possible the absorptions at the boundary (to reduce

the information losses at the end of the simulation box). With the implementation of the

time-propagation algorithm the electron dynamics was investigated: first, the occupation

probabilities of different bound states as a function of time for different field intensities. The

major dynamics and their temporal location were identified, and it was also shown that a

not negligible contribution from different bound states still remained in the time-dependent

wave function (TDWF) after the conclusion of the external field. These remnant small

contributions were removed from the wave function prior to calculating the photoelectron

spectra (PES) in order to reduce the possible error that the projection of the TDWF onto the

approximate one-center continuum states would bring into the image of the spectra. Using

the presented theoretical tool the dependence of the photoelectron spectra as a function of

molecular internuclear distance was studied.

The accurate PES and photoelectron holograms (i.e., interference patterns created in

the PES by the interference between the scattered and reference electronic wave packets)

were obtained after performing rigorous convergence tests, implying the convergence as a

function of number of the subtracted bound states and as a function of propagation time

after the completion of the laser field. In order to identify how the spatial profile of the

molecular binding potential influences the shape of the photoelectron spectra obtained for

the H+2 also a one-center model system (H+2mod) with the same ionization energy and long

range potential as H+2 was considered. Provided that the same XUV pulses were used

and the aforementioned conditions were satisfied when constructing the potential of the

model system, similar scattered and reference electronic wave packet (EWP) trajectories

were produced for both targets. As expected, roughly similar PESs were obtained for both

systems, and it was shown that the differences between the calculated patterns are the direct

consequence of the differences in the parent ion’s binding potential that the rescattering

(signal) electron meets along the returning path: higher density locations of minima were

obtained if the potential along the signal path was deeper.

Furthermore, it was shown that the locations of the PES minima obtained for the H+2

molecule changed as the internuclear separation R was modified. As the internuclear sepa-

ration R was increased a denser interference pattern was observed, which is the result of the

interplay between two opposite factors. First, by increasing R the ionization energy of the

target molecule became lower, which implicitly means that the ionized electron had a higher
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initial velocity. As a consequence, this electron departed at a larger distance measured from

the parent ion, meaning a higher z0 parameter before the returning event. If the value of

z0 is increased a higher density in the hologram appears. However, the second factor weak-

ened this effect, since for higher R internuclear distances the signal electron met a shallower

binding potential, hence the density of the hologram was decreased. As a future perspective,

further investigations may be carried out in order to identify and to quantify the effects

of these two distinct processes that are responsible for the shift of the minima location in

the PES, which opens the possibility of extracting information from the holographic image

regarding for example the value of internuclear distance in the instance, when the signal and

direct EWPs were emitted into the continuum.

According to the calculated EWP dynamics it was shown that the dominant EWPs, which

are responsible for the creation of the well identifiable interference minima appearing in the

PES, were “born” in the second and third optical half-cycle of the oscillating field, while

obvious presence of the two-center interference effects (expected as horizontal interference

patterns parallel to the kx axis) were not detectable in the holographic image. This could

be explained by the fact that these EWPs can be decomposed into smaller EWPs which

on the other hand are shifted in the momentum space in accordance with the value of the

external field’s vector potential in their creation moment, and when these smaller EWPs

are coherently added the two-center interference pattern is most probably averaged out.

However, by carefully analyzing the PES of the H+2 molecule along the first minimum, traces

of the two-center interference appeared to be present as a modulation in the depth of the

spatial interference minimum (near the location where it was predicted by simple models).

In the final part of this work also the features of the holograms were investigated as a

function of field intensity, and it was found that for high external electric field strengths

more interference minima appeared in the PESs (higher interference pattern density) and

more complex patterns were obtained. The higher complexity of the holographic patterns

obtained for the higher intensity fields was due to the fact that a secondary EWP interference

mechanism appeared in the lower momentum part of the photoelectron spectra.

The developed method opens further possibilities to calculate PESs for numerous inter-

nuclear separations (provided that a sufficiently large CPU time is available) and to identify

the density of the interference patterns as a function of R, while also other investigations may

be carried out by using different ultrashort laser pulses, where the inclusion of the nuclear

dynamics may be a possible next goal.
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ATI above-threshold ionization
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CTMC classical trajectory Monte-Carlo method

EWP electron wave packet

FD finite difference method

FE-DVR finite-element discrete variable representation

WF wave function

HHG high harmonic generation

HM holographic mapping

IP (or Ip) ionization potential

iTDSE iterative time-dependent Schrödinger equation method

LASER light amplification by stimulated emission of radiation
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MPI multi-photon ionization

MSSFA momentum-space strong field approximation

OBI over-the-barrier ionization
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OpenMPI Open Message Passing Interface

OP occupation probability

PEC potential energy curve
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Bruner, M.J.J. Vrakking, and N. Dudovich. Attosecond time-resolved photoelectron holography. Nature

Communications, 9, 2018.
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[41] A. Palacios, A. González-Castrillo, and F. Mart́ın. Molecular interferometer to decode attosecond

electronnuclear dynamics. PNAS, 111, 2014.

[42] D. Jelovina, J. Feist, F. Mart́ın, and A. Palacios. A pump-probe scheme with a single chirped pulse to

image electron and nuclear dynamics in molecules. New Journal of Physics, 20, 2018.

[43] M. Lewenstein, Ph. Balcou, M. Yu. Ivanov, Anne L’Huillier, and P. B. Corkum. Theory of high-harmonic

generation by low-frequency laser fields. Phys. Rev. A, 49:2117–2132, Mar 1994.
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[45] W. Kutta. Beitrag zur näherungweisen integration totaler differentialgleichungen. Z Math Phys, 46:435–

453, 1901.
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